GRAPHS ASSOCIATED WITH THE MAP X ^ X + X' 
IN FINITE FIELDS OF CHARACTERISTIC FIVE 



S. UGOLINI 

Abstract. In |Ugoll| we described the structure of the graphs 
associated with the iterations of the map x n- x + x^^ over finite 
fields of characteristic two. In this paper we extend our study to 
finite fields of characteristic five. 



1. Introduction 

Let Fg be a finite field with q elements for some positive integer q. 
We can define a map 'd on P^(Fg) = F, U {00} in sucli a way: 



X + X ^ ifa;7^0, 00 
00 if X = or 00 



We associate a grapli witli tlie map d over Fg, labelling the vertices 
of the graph by the elements of P^(Fg). Moreover, if a G P^(Fg) and 
/9 = then a directed edge connects the vertex a with the vertex 

(3. If 7 G P^(Fq) and ■(9'^(7) = 7, for some positive integer /c, then 7 
belongs to a cycle of length or a divisor of k. The smallest among 
these integers k is the period / of 7 with respect to the map d and 
the set {'(9* (7) : < i < /} is the cycle of length / containing 7. An 
element 7 belonging to a cycle can be the root of a reverse-directed 
tree, provided that 7 = for some a which is not contained in any 
cycle. 

In |Ugoll| we dealt with the characteristic 2 case. There we no- 
ticed that the map 'd is strictly related to the duplication map over 
Koblitz curves. Later we carried out some experiments in character- 
istics greater than 5, but the resulting graphs seemed not to present 
notable symmetries. 



In characteristics 3 and 5, in analogy with our previous work [Ugoll 
the graphs exhibit remarkable symmetries. In this paper we present 
the characteristic 5 case. 

2. Structure of the graphs in characteristic five 

Consider the elliptic curve E defined by the following equation over 
the field F5 with 5 elements: 

(2.1) y'^ = x^ + x. 
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As showed in Chapter 25, Example 25.1.5 of |Gall2] the map 

2.2 ^{x,y)= ^y^T- 

is an isogeny from E to E itself. Its dual isogeny is 
(2.3) Tp{x,y)=(^^^,2y^^ 

\ X X'^ 

while the duplication map [2] over E is defined as 

'x^ + 3a;2 + 1 x^ -I 



(2.4) mx,y)- ... 3^ X ,^ . 3^ X 

\ A[x'^ + x) 6y[x'^ + x) 

Indeed the reader can check that [2](a;,?/) = ipii:p{x,y)). 

Let be the field with 5" elements for some positive integer n. 
We notice that, if P = {x,y) G E{F^n) is a rational point of the curve 
E over X* c;ti , then d{x) is the x-coordinate of the point v^(-P). 

As a first step in our work we study the endomorphism ring Endpg {E) 
of the curve E. We note that E is an ordinary elliptic curve (see 
|Wasn3] ). Therefore, by Theorem 2.4 of |Witni] . EndF5(^) is an or- 
der in an imaginary quadratic field. Among the endomorphisms of 
EndF5(-E') there is the Frobenius endomorphism tts, which takes a point 
{x,y) to (x^,?/^). As a consequence of Theorem 2.4 in |Wit01] the ring 
EndF5(i?) is an order in Q(i) and the representation of the Frobenius 
endomorphism as an element of Q(i) is 

TTg = 1 + 2i. 

The ring of integers of Q(z) is Z[i]. The duplication map splits in Z[i] 
as 

2 = {-l + i){-l-i). 
We have seen before that the duplication map [2] is the composition 
of the maps ip and Tp. Therefore, these two endomorphisms correspond 
to (—1 + z) and (—1 — i) in Z[z]. Since EndF5(-E) is contained in Z[i] 
and both the endomorphisms 1 + 2z and —1 — i belongs to EndF5(-E), 
we conclude that EndF5(-E) = Z[i]. From now on we will denote by R 
the ring EndF5(-E'), namely Z[i]. 

Let be a fixed positive integer. 

If n is odd we define the sets 

An = {x e Fsn : {x,y) G -^(Fsn) for some y G F^n} U {oo} 

Bn = {x e Fsn : {x,y) G E{F^2n) for some y G F52n\F5n} \{1, —1} 

Cn = {1,-1} 

If, on the contrary, n is even, then we define 

An = {x G Fs^i : {x,y) G -^(Fsn) for some y G Fsn} U {oo} 
Bn = {x e Fsn : {x,y) G £'(F52n) for some y G F52n\F5n} . 
We note in passing that, when n is even, {1,-1} ^ 
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The sets A^, (and C„, if n is odd) form a partition of P^(F5n). In 
fact, if X G Fsn, then the equation y"^ = x^ + x has two distinct non-zero 
solutions ±y in F52U in the case that x^ + x 7^ 0, while has just the 
solution y = 0, ii x^ + X = 0. Since y G F^n if and only if —y G Fs^, 
then X E An if and only if x ^ Bn- In order to prove this last claim, 
we have just to deal with the elements ±1 in the case n is odd. Such 
elements belong to C„ and, by definition, they do not belong to Bn- 
We can indeed show that ±1 ^ An. In fact, the equations 

y^ = 2 and = 3 

have solutions in F52\F5. Since F52 ^ F^n when n is odd, we are done. 
The following holds. 

Lemma 2.1. The map acts separately on the sets An and Bn, while 
sends elements of Cn to An- 

Proof. Firstly we notice that -(9(00) = 00 G An. Consider now an 
element x in An different from 00. Then {x,y) G ElF^n) for some 
y G F^n. Therefore, ip{x,y) G EiF^n) and consequently ??(x) G An. 
If X G Bn, then (x, G E(F^2n) for some y G F52n\F5n. Therefore, 

the point ip{x,y) = l'd{x),y- — j G E{F^2r^)\E{F5ri). In fact, 

x^ — 1 x^ — 1 

being y G F52n\F5n, the element y — G F^n if and only if — = 

x-^ x^ 
0, namely x = 1 or —1. Since ±1 Bn, we conclude that 'i9(x) G -Bn- 

Finally, = 2 while = 3 in F5. Since (3,0) and (2,0) are 

points of EiF^n), we conclude that -(9(1) and ^{—l) belong to An. □ 

Take now an element x G v4„ different from 00. By Theorem 2.3 in 
[WitOlj there is an isomorphism 

^■.E{F,,.)^R/{7r^-l)R. 

Therefore, we can study the action of the map on An relying upon 
the structure of the (additive) group R/ij"^ — l)R. 

On the contrary, if x G Bn, then there such that 

y"^ = x^ + X, namely x is the x-coordinate of a point in E{F<^2n). Let 
us define 

E{F^2r.)B„ = {{x,y) G ^(F52„) : x G 5„ and y G FganyFgn} . 
Moreover, let 5 and (3 be the elements of F52 such that 

{±af = 1^ + 1 = 2 
(±/3)' = (-1)3-1 = -2. 
Define the set ii^(F52n)^^ in such a way: 

E{F,2.)l^ = {O,(0,0),(2,0),(3,0),(l,±5),(-1,±^}, if n is odd; 
E{F^2.)%^ = {0,(0,0), (2,0), (3,0)}, if n is even. 
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In both cases O denotes the point at infinity. 
The following holds. 

Lemma 2.2. Letx e F^2n and P = {x,y) G E(Fr,2n). Then, (vr^' + 1) P 
O if and only if P e E(P^2n)B,, U E{Y^2^Yj,^^. 

Proof. Consider a rational point P = {x,y) G E{F^2n) such that 
(TTg + 1) (P) = O. This is equivalent to saying that [x^",y^") = 
{x,—y). Then, x G F^n and y^" = — If y G F^n, then y^" = y 
and consequently y = —y. Therefore y = and x^ + x = 0, namely 
X = 0,2 or —2. In all cases P G -E'(F52n)^^. If, on the contrary, 
y ^ Fsn, then P G £'(F52n)B^ or, only if n is odd, x = ±1, namely 
PG P(F52,0|,„. 

Viceversa, suppose that P G P(F52n)5^. Then, tt^{P) = (a;,?/^"). 
Since |/ ^ Fsn, then y^" 7^ y. This implies that tt^ (P) = —P. Finally, it 
can be checked that (vr^ + 1) P = O for any point P in E{F^2n)*^^. □ 

As an immediate consequence of the result just proved we can claim 
that there is an isomorphism 

: E{F,2„)b„ U ^(F52.):^„ ^ P/« + 1)P. 

2.1. Cycles. We will study the structure of the cycles and trees of the 
graph associated with {} proceeding as in |Ugoll| . The ring R = Z[i] is 



euclidean, hence a unique factorization domain. An element a + ib G R 
has norm N{a + ib) = + 6^. All positive primes of Z, different from 
2, either split in R or are inert. We can factor the element vr^ — 1 
(respectively ttj + 1) in primes of R. 

Let p = —l + i and suppose that ttj — 1 (resp. vTg + 1) factors as 

■ (up?) ■ f n m 



vi=l / \i=D+l 



where 



(1) each Cj G N; 

(2) for 1 < i < V the elements G Z are distinct primes of R and 

(3) for V + 1 < i < w the elements rj G P\Z are distinct primes of 
R, different from p and p, and N{r'l^) = for some rational 
integer pi such that r^rj = pi. 

The ring R/ij^'^ — l)R (resp. R/in^ + 1)P) is isomorphic to 

(2.5) P//«Px (flR/pTR) X ( fj P/<'P) . 

For any 1 < i < v the additive group of R/p^^R is isomorphic to the 
direct sum of two cyclic groups of order This implies that, for each 
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integer < hi < Ci, there are iV/j. points in R/p^'R of order p-% where 

^ ^ f 1 iih, = 

hi ^ p^2h, _ 1) otherwise. 

For any v + 1 < i < w the additive group of R/r^^R is cychc of order 
p1'. Hence, there are ^p{Pi^) points in R/rfR of order p^\ for each 
integer < /ij < Cj. 

An element x e 74„\{0, oo} (resp. S„), which is periodic under 
the action of the map is the x-coordinate of a rational point of 
E{Frjri) (resp. EiYr^'in.))^ which corresponds to a point of the form 
P = (0, Pi, . . . , P^) G P/(7r^ - 1)P (resp. P/(7r^ + 1)P). Each P^, for 
1 < i < has order for some integer < /ij < ej. 

For any Pj we aim at finding the smallest positive integer li such that 
[pfPi = P, or -P,. 

• If 1 < i < f , then /j is the smallest among the positive integers 
k such that p^' divides p^' + 1 or p'^ — 1 in P. 

• Ifi' + l<i<'w;, then li is the smallest among the positive 
integers k such that n'*' divides p'^ + 1 or p'^ — 1 in P. 

Let 

I' — lcm{li, . . . ,lya)- 
We introduce parameters £j, ior 1 < i < w, such defined: 

1 if [p]'^P, = P, 

if [py^Pi = -Pi. 

Let 

if any £j = 1 or any Si — 

1 otherwise. 

Then, the period of x with respect to -i? is / = 2^ ■ /'. 

We note that the number of points P = (0, Pi, ... , P^) in R/ (TTg — 
1)P (resp. P/(vr5 + 1)P), where each Pi has order p^\ is 



m 




Let P = '4>{x,y) (resp. '4>{x,y)) be one of such points. The period / of 
X can be calculated as above. In particular, we note that also — P = 
'ip{x, —y) (resp. 'ip{x, —y)) has the same additive order in R/{tcI^ — 1)R 
(resp. R/{7i^ + 1)P)- This amounts to saying that the m points give 

TTl 

rise to — cycles of length /. 

Now, define the sets Zg. = {0, 1, . . . , Cj}, for any 1 < i < w. Let 
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For any h G H denote by Ch the set of all cycles formed by the ele- 
ments X E An (resp. -B„) such that {x,y) G E{F^7i) (resp. E(F^2n)B^) 
for some y G F^n (resp. F52n) and ip{x,y) = P = (0, Pi, . . . , P^) G 
P/(7r^ - 1)P (resp. ^ix,y) = P G P/(7r^ + 1)P), where 

• each Pj, for 1 < < t>, has additive order pf' in R/pl^R; 

• each Pi, for V + 1 < i < w, has additive order p'l^ in R/rl^R. 

Let //i be the length of the cycles formed by these points. Finally, 
denote by Ca„ the set of all cycles formed by the elements of An and 
by Cb^ the set of all cycles formed by the elements of Bn- 
The following holds. 

Lemma 2.3. With the above notation, Ca^ (resp. Cb„) is equal to 
y Ch, being 



2lh 

for any non-zero h E H. 



C'.i=4:(ri^'-.V( n ^'fp?-; 



vi=l / \j=t!+l 



In the following we will denote by Va„ (respectively Vb,J the set of 
the elements of F^n belonging to some cycle of Ca„ (respectively Cb^)- 

We want to analyse the depth of the trees attached to the nodes 
of the cycles. To this purpose we recall that, ii x + iy is a complex 
number and n is a positive integer, then the n-th power of x + iy can 
be expressed as 



L-J ["-^ J 

i.— n V / L.—n V / 



^n-(2fc+l)^2fc+l_ 



k=0 ^ ^ k=Q 

The following Lemma, which is a special case of a Theorem by Le- 
gendre (see |Leg08| ), and the subsequent Corollary will be useful in 



determining the highest power of 2 which divides a factorial. 

Lemma 2.4. Let n = ak ■ 2'' + a^-i ■ + ■ ■ ■ + ai ■ 2 + ao be the base 2 
expansion of a positive integer n. Then, the highest power of 2 dividing 
n\ is 2^ , where 

fx = n — {ak + flfc-i + h cti + ao). 

Corollary 2.5. If n is a positive integer and 2^ is the highest power 
of 2 dividing n\, then fi <n — 1. 

Before proceeding with the study of the trees, we notice that any 
element in Z[z]/p^Z[z] can be uniquely represented in the form 

[ao + aip-\ h flfcp''""^], 

where each Oj G {0, 1} (see |Gil81] ). 
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2.2. Trees rooted in elements of Va_„- We begin this subsection 
proving the following technical result. 

Lemma 2.6. Let n = 2'm, for some non-negative integer I and odd 
integer m, be a positive integer. Then, the highest power of 2 which 
divides N^nl^ — 1), where tts = 1 + 2i, is 

• 2^, if n is odd; 

• 2^+2', if n is even. 

Proof. The norm of VTg — 1 is 
iV«-l) 



k=i 



-1 2 

+ 



J 

n 



A:=0 ^ 



2k + 1 



Suppose firstly that n is odd. We notice that, by Corollary 12. 5[ the 
highest power of 2 dividing {2k)\ and (2/c+l)! does not exceed 2^^"^ and 
2'^^ respectively. Since n — 1 is even, the power of 2 dividing (2*^.) " 2^^^, 
for k greater than 0, is not smaller than 2^ and the power of 2 dividing 
{2k+i} ' 2^*^+^, for k greater than 0, is not smaller than 2^. Therefore, 

Ar(7r^-1) = [2^ -r]^ + [2m + 2^s]^ 

for some integers r and s. Passing to the residue classes modulo 4 and 
8 we get 

N{7r^ - 1) = + [2m]2 = (mod 4) 
A^(7r^-1) = 0+ [2m + 4s]2 = 4m2 (mod 8). 

Therefore, the highest power of 2 dividing N{tt^ — 1) is 2^. 

Suppose now that n is even and that n = 2'm, for some positive 
integer I and odd integer m. If n = 2, then iV(7r| — 1) = 32 = 2^ and 
we are done. 

Suppose that n is greater than 2, namely n > 4. We notice that 
(2) ■ 2^ = n ■ (n — 1) ■ 2, hence 2^"*"^ is the highest power of 2 which 
divides (2) ■ 2^. Moreover, each term (2*^) ■ 2^^^, for A; > 2, is divisible 
by 2^+2 and each term (2^+1) ■ 2^''+^ for /c > 1, is divisible by 2^+^. 
Therefore, 

Nin^ - 1) = [-2'+im(n - 1) + 2^+V]' + [2'+im + 2'^'sY , 

for some integers r and s. 

Passing to the residue classes modulo 2^"*"^' and 2^"^^' we get respec- 
tively 

N{n^-1) = 22'+W + 22'+W = . 22'+3 = (mod 2^+2') 
N{n^-1) = 22'+W + 22'+W = . 22'+3 ^ (mod 2^+^;)^ 
since is an odd integer. □ 
The following Lemma characterizes the reversed trees having root in 
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Lemma 2.7. Any element x G Va„ is the root of a reversed binary tree 
of depth Cq with the following properties. 

• If X ^ oo, then there are 2^~^ vertices at any level k > of the 
tree. Moreover, the root has one child, while all other vertices 
have two children. 

• If X = oo, then there is 1 vertex at the level 1, there are 2 
vertices at the level 2 of the tree and 2^^"^ vertices at any level 
k > 2. Moreover, the root and the vertices at the level 2 have 
one child, while all other vertices have two children. 

• If n is odd, then cq = 2, if x ^ oo, and cq = 3, if x = oo. 

• If n is even and 2^ is the greatest power of 2 which divides n, 
then Co = 3 + 2/. 

Proof. For a fixed element x e Va„ let (0, Pi, ... , P^) G P/(7r^ - 1)P 
be one of the (at most two) points with such an x-coordinate (here we 
use the isomorphic representation of R/{t^^ — 1)R given by (12. 5p ). An 
element x G F^n belongs to the non-zero level k of the reversed binary 
tree rooted in x if and only if ^^{x) = x, i}^{x) ^ x and none of the 
•Q'^ix) is periodic for any i < k. Since maps elements of An to An and 
elements of P„ to P„ , then x G A„ (at the end of the proof we will deal 
with the elements belonging to C„). Therefore there exists y G F^n 
such that (x, y) G E(F^n) and ip{x, y) = Q = {Qo, Qi, ■ ■ ■ , Qw), where 
Qo 7^ 0. Since [pY°Qo = in R/p'^oR we have that k < cq. 

For a fixed positive integer A; < cq we aim to find all the points 
(Qo, Qi, ■ ■ ■ , Qw) in R/ (tTj — 1)P such that 

(1) H^Qo = and [pj^-'Qo ^ ; 

(2) [p]''Qi = Pi for any 1 < i < w, oi [p]''Qi = ~Pi for any 1 < i < 
w. 

The first condition is satisfied if and only if 
(2.6) Q, = [pYo-k^ ^ 

where each ji G {0, 1}. The second condition is satisfied if and only if 

Qi = [p]~^Pi, for any i, 

or 

Qi = -[Pr'^Pi^ any i. 
Hence, fixed the values of ji for cq — k + l<i<eo — 1, there are at 
most two possibilities for Q, namely 

g« = iQo,[p]-'Pi,---,[p]''Pw) or 

Q^'^ = (Qo,-[p]-'Pi,...,-[p]-'PJ. 

Therefore, for a fixed positive integer k there are 2'' points Q, whose 
x-coordinate belongs to the level k of the tree, provided that not all Pj 
are zero. U Q = ip{x, y) is one of such points, then —Q = ip{x^ —y) has 
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the same x-coordinate. Hence, for any x G Ca„ different from oo there 
are 2^~^ vertices at the level k of the reversed binary tree rooted in x. 

If all Pi are zero, then x = oo. In particular, the points Q*-^^ and 
Q*-^^ above coincide. Therefore, for any k > there are 2^^"^ points, 
whose x-coordinate belongs to the level k of the tree. Moreover, if Q is 
one of such points, also —Q has the same x-coordinate and is different 
from Q, unless Q = (2, 0) or (3, 0), namely Q is one of the two points 
belonging to the level 2 of the tree. This amounts to say that there are 
[2^~^] vertices at the level k of the tree, if 7^ 2, and 2 vertices at the 
level 2. 

Consider now an element x belonging to the level k < cq of the 
tree rooted in some x G Va„- Such an x is the x-coordinate of a point 
Q = {Qo, Qi, ■ ■ ■ , Qw) in R/{'k'^-1)R, for some Qq as in (12. 6p or Qo = 0. 
The equation z + = a; is satisfied for at most two Z 111 X* c;n , which 
are the x-coordinate of two points in R/ (vTg — 

^ ~ (Qo • • • ' Qw) = {Qo \ Qi) • • • ) Qui)) 

where 

_ eo-2 
g(l) ^ ^ 

i=eo—k 

_ eo-2 
i=eQ—k 

and 

Q^ = [p]~'Q^, ifl< 1<W. 

We note that [p]Q(i) = MQ^^^ = Q. 

If = 0, then just the point Q^^^ belongs to the tree, proving that 
the root of the tree has one and only one child. 

If /c > 1 and at least one of the Pi is non-zero, then Q^^^ ^ —Q^'^\ 
hence Q^^^ and Q^^-* have different x-coordinates. This implies that 
each vertex at non-zero level of a tree rooted in x G Va„\{oo} has 
two children. 

Suppose now that all the Pj are zero. In this case x = 00. If = 1, 
then Qq^^ = — Qo^^ and also Qq^'* = —QI^^. In fact, since 

then 

Qf+Qf = [2][pr-' = mipr-' = mpr = 

Q(^)+Qf) = [2][p]^o-2 + [2][p]--i = 0. 

Hence, the two points at the level 2 have not the same x coordinate, 
implying the the only vertex at the level 1 has two children. 
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Consider now the case oi k = 2. Then, 
We want to prove that Qo^^ = —Q'o^- In fact, 

= miipr'' + jeo-i[pr-') + [pr-' 
= [p + p']i[pr-' + jeo-i[pr~') + ipr-' 

= + [p]^"-l = 0. 

Therefore, each of the vertices at the level 2 has exactly 1 child. 
Finally, if /c > 2 and all the Pj are zero, then Q^^^ ^ —Q^'^\ In fact, 

eo-2 



Qf^Qf = [pm [[pY''-'-' + E + [/^r^' 

\ i=eo—k / 



i=eo— fc+l 

= [p + p'] ([pr-' + E MpA + ipr-' 

\ i=eo-fc+l / 

= [pr^'^' + [pr-'^' + jeo-k+i[pr-'^' 

ep-l 

+ E +u^-l+J^-2)[py + [p^-'7^o, 

i=eo—k+3 

since k > 3. Hence, each of the vertices at the levels k > 2 of the tree 
rooted in oo have two children. 

As regards the number cq, we remind that the greatest power of 
2 which divides Niji"^ — 1) is 2^ if n is odd and 2^"*"^^ in the other 
cases. Moreover, R/ (ttj — 1)R is isomorphic to a product of rings as in 
(12. 5p . Since N{p) = 2, then cq is the greatest power of 2 which divides 
iV(7r5"-l). 

We know that maps points of An to An and points of Bn to Bn- 
We just have to deal with the points of C„ = {1, —1}, when n is odd. 
For these two points we have that ^^(l) = 2 and ^{—1) = —2 = 3 
(mod 5), namely 1 and —1 belongs to the tree rooted in oo. We note 
that X + = 1 if and only if — x + 1 = and that x + x~^ = —1 if 
and only if + x + 1 = 0. The equations x^ ± x + 1 = have a solution 
X in the field F^n if and only if n is even. Therefore, there exists x in 
Fsn such that x + x~^ = 1 (or —1) if and only if n is even. Therefore, 
when n is odd, the tree rooted in oo has depth 3 and is as follows: 



GS 11 




□ 

2.3. Trees rooted in elements of Vb„. The following Lemma char- 
acterizes the reversed trees having root in Vb„- 

Lemma 2.8. Any element x G Vb„ is the root of a reversed binary tree 
with the following properties. 

• There are vertices at any level k > of the tree. Moreover, 
the root has one child, while all other vertices have two children. 

• The depth of the tree is 2 if n is even and 3 if n is odd. 

Proof. The proof is very similar to the proof of Lemma 12.71 

For a fixed element x G Vb„, let (0, Pi, ... , P^) G R/ {tc'^ + 1)R be one 
of the (at most two) points with such an x-coordinate (here we use the 
isomorphic representation of R/^ti^ + l)R given by (12. 5p ). We notice 
that not all Pj can be zero, since that would imply that x G Va„. An 
element x G F^n belongs to the non-zero level k of the reversed binary 
tree rooted in x if and only if d^{x) = x, d^{x) ^ x and none of the 
d'^{x) is periodic for any i < k. Since maps elements of An to An and 
elements of P„ to P„, then x G P„. Therefore there exists y G F52n\F5n 
such that {x,y) G E(Fr^2u)B„ and V^(x,y) = Q = {Qo,Qi, ■ ■ ■ ,Qw), 
where Qo 7^ 0. Since [pY°Qo = in R/p^^R we have that k < Cq. 

For a fixed positive integer A; < cq we aim to find all the points 
{Qo, Qi, ■ ■ ■ , Qw) in R/ (vTg — 1)P such that 

(1) [pYQo = and [pY-'Qo ^ ; 

(2) [pYQi = Pi for any 1 < i < w, or [p]''Qi = —Pi for any I < i < 
w. 

The first condition is satisfied if and only if 

eo-l 

(2.7) Q, = [pYo~k^ J2 Up]\ 

where each ji G {0, 1}. The second condition is satisfied if and only if 

Qi = [p^'^Pi, for any i, 
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or 

Qi = -[pV''Pi^ foi' any i. 
Since not all Pi are zero, once the values of jj for eo — k+1 < i < cq — I 
have been fixed, there are two possibilities for Q, namely 

Q« = {Qo,[p]-'Pu---Ap]~'Pn.) or 

Q(2) = {Qo,-[p]-'Pu---,-[Pr'Pu>)- 

Therefore, for a fixed positive integer k there are 2'' points Q, whose 
x-coordinate belongs to the level k of the tree. If Q = ip{x, y) is 
one of such points, then —Q = ip{x, —y) has the same x-coordinate. 
Moreover, Q ^ —Q, because y 7^ 0, being y G F52n\F5n. Hence, for 
any x G Vb„ there are 2^~^ vertices at the level k of the reversed binary 
tree rooted in x. 

Suppose now that n is odd. The greatest power of 2 which divides 
A^(7r^ + 1) is 2^. In fact, 

(2.8) iV« + l)iV« - 1) = iV(vrf - 1), 

the greatest power of 2 dividing N{7c^ — 1) is 2^, while the greatest 
power of 2 dividing the right hand side of the equation is 2^. These 
facts imply that 2^ is the greatest power of 2 which divides iV(7r5 + 1). 

Suppose on the contrary that n is even. Then there exists some 
positive integer / such that 

N{tt^ — 1) = 2^+^' ■ r for some odd integer r 
N{7rf^ — 1) = 2^+^^'+-'^) ■ s for some odd integer s. 

We deduce that 2^ is the greatest power of 2 dividing N^tc'^ + 1). 

Since the greatest power of 2 dividing N^tt"^ + 1) is equal to Cq, the 
depth of the tree is 2 if n is even and 3 if n is odd. □ 

2.4. An example: the graph associated with ^ over the field 
F53. The field with 125 elements can be constructed as the splitting 
field over F5 of the Conway polynomial — 2a; — 2. In particular, if a 
denotes a root of such a polynomial, 

pi(F53) = [a' ■.0<i< 123} U {0} U {00} . 

In the following pages the 4 connected components of the graph are 
represented. The labels of the nodes are the exponents of the powers 
a*, for < z < 123, the zero element (denoted by '0') and the point 
00. It can be noticed that the first, second and fourth component 
correspond to the elements belonging to A3. In particular we notice 
that, in accordance with Lemma 12.71 being n = 3 odd, each cycle is 
the root of a binary tree of depth 2, except for the tree rooted in 00, 
which has depth 3. The third connected component corresponds to the 
elements belonging to B3 and each node in the cycle is the root of a 
binary tree of depth 3 as claimed in Lemma 12. 8[ 
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As regards the length of the cycles of Ca^ , we notice that vrf — 1 = 
— 12 — 2i, which decomposes in primes of Z[i] as • (1 — 6i). Therefore, 

R/{^1 - l)R ^ R/p^R X R/{1 - 6i)R. 

Consider a point (0, P) ^ (0,0) belonging to the isomorphic repre- 
sentation of -R/(7rf — 1)R. The element P has additive order 37 in 

R/{1 — Qi)R. The length of the cycle containing (0, P) is /, where / is 
the smallest among the positive integers k such that either + 1 or 
p'^ — 1 is divisible by (1 — 6i) in P = Z[i]. The integer / is equal to 9. 

36 

Since there are 36 points as (0,P), then there are = 2 cycles of 

2*9 

length 9. 

Consider now the cycles of Cb^- We notice that 7r| + l = — 10 — 2i, 
which decomposes in prime of Z[i] as • (— 3 + 2i). Therefore, 

R/inl + 1)R ^ R/p^R X P/(-3 + 2i)R. 

Consider a point (0, P) 7^ (0, 0) belonging to the isomorphic repre- 
sentation of P/(7r| -|- 1)P. The element P has additive order 13 in 
R/ (—3 + 2i)R. The length of the cycle containing (0, P) is / = 6, since 
/ is the smallest among the positive integers k such that either p'^ + 1 
or p'^ — 1 is divisible by (—3 -|- 2i) in P = Z[i]. The 12 points with the 

12 

same characteristics of (0, P) form — - = 1 cycle of length 6. 
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3. A NOTE ABOUT THE CONSTRUCTION OF THE GRAPHS 

The Examples of this paper have been manually constructed for the 
sake of clearness. In this Section we describe a possible procedure for 
obtaining those and other examples using GAP |Gro08] and Graphviz 
[RCj . Details about GAP, Graphviz and DOT language can be found 
in the official websites of GAP and Graphviz. 

The following GAP function generates a .dot file encoding all infor- 
mation about the directed graph associated with the map 'd over the 
field Fpn for chosen positive integers p and n. In particular, the code 
can be used for constructing graphs in any characteristic p. 



graph := f unct ion (p , n) 




local k, gen , a ,b, j, f; 




f : =" . /graph . dot " ; 




gen : =Z (p"n) ; 




PrintToCf, "digraph{ \n"); 




for j in [0..p"n-2] do 




a:=gen" j ; 




b: = ((a) + (a)-(-l)) ; 




if b = 0*Z(p) then 




AppendTo (f , j, "-> zero; 


\n") ; 


else 




for k in [0. .p"n] do 




if gen~k = b then break 


;fi; 


od ; 




AppendTo (f, j, "->", k, 


\n") ; 


fi; 




od ; 




AppendTo (f , "zero -> inf ; \n 


inf -> inf ; }") ; 


end ; ; 





It can be convenient to filter all connected components of the graph 
using the tool ccomps included in Graphviz. Once the file graph. dot 
has been created, the data files of the connected components can be 
generated as follows: 

ccomps -X -o graph_con graph. dot 

The i-th connected component's file will be named graph_con_i. 

Finally, it is possible to give the connected components a layout 
using one of the Graphviz layout commands as dot, circo, neato or 
twopi. 
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